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Knowing the number of solutions for a Diophantine equation is
an important step to study various arithmetic problems. Igusa
originated the study of Igusa zeta functions associated to local
Diophantine problems. Multiplying all these local Igusa zeta
functions we obtain the global version in the natural way. Unfortu-
nately, investigations on global Igusa zeta functions are rare up
to now. Reformulating the global Igusa zeta function via the
number of morphisms between algebraic systems we discover
a new aspect: the multivariable Euler product of Igusa type and
its applications. A purpose of this paper is to encourage experts for
further studies on global Igusa zeta functions by treating a simple
interesting example.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
For a ring or a group A, the global Igusa zeta function is deﬁned as
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Each zeta function has an Euler product by the Chinese remainder theorem:
Z ring(s, A) =
∏
p: primes











where ∗ stands for either ‘ring’ or ‘group’. Usually Z∗p(s, A) is a rational function in p−s; see [I,D] for
Z ring(s, A). The analytic nature of Z∗(s, A) is not so well known, and actually Z∗(s, A) has the natural
boundary even for a rather simple example as shown in [K1] (cf. [K2,K3]). In this paper we study the
multivariable version:
Z∗(s1, . . . , sr; A) =
∑
m1,...,mr1
∣∣Hom∗(A,Z/m1 · · ·mrZ)∣∣m−s11 · · ·m−srr .
This has also an Euler product
Z∗(s1, . . . , sr; A) =
∏
p: primes
Z∗p(s1, . . . , sr; A)
with




Such an Euler product is a “multivariable Euler product” in the sense of [BEL]. In the most basic case
A = Z these Euler products reduce to the Riemann zeta function:
Z ring(s1, . . . , sr;Z) = ζ(s1) · · · ζ(sr)
and
Zgroup(s1, . . . , sr;Z) = ζ(s1 − 1) · · · ζ(sr − 1).
We restrict our attention to the simple case where A = Z/nZ and we describe the group case.
N. Kurokawa, H. Ochiai / Journal of Number Theory 129 (2009) 1919–1930 1921Theorem 1. Zgroup(s1, . . . , sr;Z/nZ) has two expressions
Zgroup(s1, . . . , sr;Z/nZ)








pordp(n) − pk1+···+kr )p−(k1s1+···+kr sr ))
× (1− p−s1) · · · (1− p−sr )}
and
Zgroup(s1, . . . , sr;Z/nZ) = n−(s1+···+sr )
∞∑
k1,...,kr=1













where ζ(s, x) =∑∞m=0(m+ x)−s is the Hurwitz zeta function. Both expressions give the meromorphic contin-
uation of Zgroup(s1, . . . , sr;Z/nZ) to Cr .
Theorem 2 (Special value).








Theorem 3 (Diagonal pole). Zgroup(s, . . . , s︸ ︷︷ ︸
r
;Z/nZ) has a pole of order r at s = 1. The leading coeﬃcient of














































(n,k1 · · ·kr) = n.
1922 N. Kurokawa, H. Ochiai / Journal of Number Theory 129 (2009) 1919–1930We add one remark. Let
a(m) = ∣∣Homgroup(Z/nZ,Z/mZ)∣∣= (n,m).
Then our result says that the multivariable version
∑
m1,...,mr1
a(m1 · · ·mr)m−s11 · · ·m−srr
has the meromorphic continuation to Cr for all r  1. It might be considered that we may expect a
similar situation for a multiplicative function a(m) when
∑∞
m=1 a(m)m−s is meromorphic on C. We
notice that this is not the case as the following theorem shows.








3 is not mero-
morphic on C3 . Actually
∑
m1,m2,m31 d(m1m2m3)(m1m2m3)
−s is not meromorphic on C. More precisely, it
is meromorphic in Re(s) > 0 with the natural boundary Re(s) = 0.
2. Euler product
We examine the existence of the multivariable Euler product for
∑
m1,...,mr1














































for a rational function F p(X) with F p(0) = 1, we have
N. Kurokawa, H. Ochiai / Journal of Number Theory 129 (2009) 1919–1930 1923∑
m1,...,mr1





p−s1 , . . . , p−sr
)
for a certain rational function F pr (X1, . . . , Xr) with F
p
















which means that a(m) is a multiplicative function. Then,
∑
m1,...,mr1
a(m1 · · ·mr)m−s11 · · ·m−srr
is calculated via writing mj =∏p pk j(p) as follows:
∑
m1,...,mr1
































which is the multivariable Euler product expression.









is a rational function in X , we will prove the p-part of multivariable Euler product
















Xk11 · · · Xkrr
is a rational function in X1, . . . , Xr . In general, for a power series F (X) = ∑∞k=0 ak Xk ∈ C[[X]], we
deﬁne a power series Πr(F ) = Fr in C[[X1, . . . , Xr]] by





1 · · · Xkrr .
• The map Πr is linear.
1924 N. Kurokawa, H. Ochiai / Journal of Number Theory 129 (2009) 1919–1930• Πr(Xk) = hk(X1, . . . , Xr), the kth complete homogeneous polynomial.
• For a non-zero constant c, we have Πr((1− cX)−1) = ((1− cX1) · · · (1− cXr))−1.













+ · · · + Xr ∂
∂ Xr
)
Πr(F )(X1, . . . , Xr).
This shows Πr((1 − cX)−m) is also a rational function for a positive integer m. By partial fraction
expansion, we obtain the rationality of F pr = Π pr (F ). 
Example 1.
(1) For F (X) = 11−X , we have Fr(X1, . . . , Xr) = 1(1−X1)···(1−Xr ) .
(2) We consider F (X) = 1
(1−X)2 . Then
Fr(X1, . . . , Xr) =
(
(1− X1) · · · (1− Xr)
)−1( 1
1− X1 + · · · +
1




F2(X1, X2) = 1− X1X2
(1− X1)2(1− X2)2 ,
F3(X1, X2, X3) = 1− X1X2 − X2X3 − X3X1 + 2X1X2X3
(1− X1)2(1− X2)2(1− X3)2 .
Also we have
Fr(X, . . . , X) = 1+ (r − 1)X
(1− X)r+1 .
These are used in Section 6.
3. Meromorphy: Proof of Theorem 1
Since |Homgroup(Z/nZ,Z/m1 · · ·mrZ)| = (n,m1 · · ·mr) we have
Zgroup(s1, . . . , sr;Z/nZ) =
∑
m1,...,mr1
(n,m1 · · ·mr)m−s11 · · ·m−srr .
Then, writing m1 = lin + ki with li  0 and ki = 1, . . . ,n we obtain






































N. Kurokawa, H. Ochiai / Journal of Number Theory 129 (2009) 1919–1930 1925which gives a meromorphic continuation to Cr . Next, we calculate the Euler product
Zgroup(s1, . . . , sr;Z/nZ) =
∏
p
Zgroupp (s1, . . . , sr;Z/nZ)
from














pmin(ordp(n),k1+···+kr )−(k1s1+···+kr sr ).
It gives




= (1− p−s1)−1 · · · (1− p−sr )−1
for pn. When p|n, we have




pordp(n)p−(k1s1+···+kr sr ) +
∑
k1+···+kr<ordp(n)








pordp(n) − pk1+···+kr )p−(k1s1+···+kr sr )
= pordp(n)(1− p−s1)−1 · · · (1− p−sr )−1 − ∑
k1+···+kr<ordp(n)
(
pordp(n) − pk1+···+kr )p−(k1s1+···+kr sr )
= (1− p−s1)−1 · · · (1− p−sr )−1
×
{
pordp(n) − (1− p−s1) · · · (1− p−sr ) ∑
k1+···+kr<ordp(n)
(
pordp(n) − pk1+···+kr )p−(k1s1+···+kr sr )},
which is a rational function in p−s1 , . . . , p−sr . Thus we have
Zgroup(s1, . . . , sr;Z/nZ)









pordp(n) − pk1+···+kr )p−(k1s1+···+kr sr )}.
This expression also shows the meromorphic continuation to Cr .
1926 N. Kurokawa, H. Ochiai / Journal of Number Theory 129 (2009) 1919–19304. Special values: Proof of Theorem 2










































































































+ (n,k1 · · ·kr−1(n − kr))(1
2
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pordp(n) − (1− p−s)r ∑
k1+···+kr<ordp(n)
(




r Zgroup(sr;Z/nZ) = n−r
n∑
k1,...,kr=1













Now we show, for a positive integer m,
pm − (1− p−1)r ∑
k1+···+kr<m
(









inductively on r. The case r = 1 is easily seen from
pm − (1− p−1)m−1∑
k=0
(




Let r  2. The case r follows from the case r − 1 as follows:










p(m−kr )−k1−···−kr−1 − 1)
























































• Corollary 1 follows from Theorem 3 by comparing the two expressions for the leading coeﬃcients.


















= pordp(n) = n.

















(1− p−s1 )2(1− p−s2 )2 =
ζ(s1)2ζ(s2)2




















1− p−s1−s2 − p−s2−s3 − p−s3−s1 + 2p−s1−s2−s3

























2 is meromorphic on C
2. On the other hand,∑
m1,m2,m31 d(m1m2m3)(m1m2m3)
−s is meromorphic in Re(s) > 0 with the natural boundary
Re(s) = 0 from Estermann’s result [K2,BEL].
We further discuss a property of the Euler product




1− p−s1−s2 − p−s2−s3 − p−s3−s1 + 2p−s1−s2−s3)
arising in the Dirichelet series above. For the series G , we can apply Theorem 2 of [BEL] for a polyno-
mial
h(X1, X2, X3) = 1− X1X2 − X2X3 − X3X1 − 2X1X2X3.
In their notation,
h0(X1, X2, X3) = −X1X2 − X2X3 − X3X1 − 2X1X2X3,
S(h) = {(1,1,0), (0,1,1), (1,0,1), (1,1,1)},
Ext(h) = {(1,1,0), (0,1,1), (1,0,1)},
V (h; δ) = {(s1, s2, s3) ∈ C3 ∣∣ σ1 + σ2 > δ, σ2 + σ3 > δ, σ3 + σ1 > δ}.
We know that
(1) G converges absolutely on V (h;1).
(2) G can be continued meromorphically to V (h;0).
(3) ∂V (h;0) is the natural boundary of G .
(4) The series G(s1, s2,0) converges absolutely on {(s1, s2) ∈ C | σ1 > 1, σ2 > 1}.
(5) G(s1, s2,0) can be continued meromorphically to C2.
In fact, Theorem 1 of [BEL] implies (1) and (2), and Theorem 2 of [BEL] implies (3). The part (4) is a





1− p−s1)(1− p−s2)= 1
ζ(s1)ζ(s2)
.
Now the part (5) is obvious.
The fact (3) and (5) does not contradict to each other, but it looks a bit mysterious.
7. Variations
We note on a few points in looking for future researches.
(1) Z ring(s1, . . . , sr;Z/nZ) is simply written as
Z ring(s1, . . . , sr;Z/nZ) =
∑
m1···mr |n
m−s11 · · ·m−srr ,
which is a ﬁnite sum. Hence it is meromorphic on C. Moreover, it has an Euler product








(2) There exists a coincidence:
Z ring
(
s1, . . . , sr;Z[T ]
)= ζ(s1 − 1) · · · ζ(sr − 1) = Zgroup(s1, . . . , sr;Z).
1930 N. Kurokawa, H. Ochiai / Journal of Number Theory 129 (2009) 1919–1930(3)
Z ring
(







ϕ(m1 · · ·mr)m−s11 · · ·m−srr










1− p1−s1) · · · (1− p1−sr )}
has a complicated analytic behavior for r  2. It would have the natural boundary except for
Z ring(s;Z[T , T−1]) = ζ(s − 1)/ζ(s).
(4) It would be interesting to study
Zgroup(s1, . . . , sr; A;G) =
∑
m1,...,mr1
∣∣Homgroup(A,G(Z/m1 · · ·mrZ))∣∣m−s11 · · ·m−srr
for a group A and a group scheme G over Z. The case of this paper is Zgroup(s1, . . . , sr; A;Ga) =
Zgroup(s1, . . . , sr; A). We notice that
Zgroup(s1, . . . , sr;Z;G) =
∑
m1,...,mr1
∣∣G(Z/m1 · · ·mrZ)∣∣m−s11 · · ·m−srr





(5) In [KO] we investigated the Dirichlet series
∑∞
n=1 γ (n)n−s and
∑∞
n=1 γ (n)−tn−s for an inﬁnite
permutation γ . Naturally we are lead to the study of
∑
m1,...,mr1
γ (m1 · · ·mr)−tm−s11 · · ·m−srr .
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